Abstract: We consider some two-body operators acting on a Fock space with either fermionic or no statistics. We prove that they are bounded below by onebody operators which mimic exchange e ects. This allows us to compare twobody correlations of fermionic and bosonic systems with those in Hartree-Fock, respectively Hartree theory. Applications of the fermionic estimate yield lower bounds for the ground state energy of jellium at high densities and of molecules with large nuclear charges.
I. INTRODUCTION
One of the striking di erences between classical and quantum mechanics is the existence of non-trivial correlations in the ground state of a quantum mechanical system. From a rigorous point of view very little is known about these correlations. By neglecting these correlations one arrives at an approximating theory for the ground state energy. In the case of a fermionic system this theory is the Hartree-Fock approximation while in the case of a bosonic system the theory is the Hartree approximation. We shall de ne these approximations below.
The rst step in understanding the ground state correlations is to investigate the validity of these approximating theories. Although such an investigation will not give any information about the actual physical implications due to the correlations it will, however, give an estimate on their e ects.
In a recent very beautiful paper 1] Bach gives an estimate on the ground state correlations of Coulomb systems which proves the exactness of the Hartree-Fock approximation in the high density limit. The importance of this result motivated us to simplify and generalize the method of Bach. It is this simpli cation and generalization that we present here.
An important ingredient in the method is to prove that there is condensation. By this we mean in the case of fermions that the ground state is a fairly well-de ned Fermi sea. It turns out that this is not too di cult to prove in the high density limit of Coulomb systems. In the case of bosons, condensation means Bose-Einstein condensation, i.e., that in the ground state almost all particles are in one state.
In the case of bosons it can actually be very di cult to prove condensation. An example of this is the bosonic jellium model which we de ne below. Here condensation has to the best of our knowledge never been rigorously established. However, in this case a very impressive method (avoiding the issue of condensation) for obtaining a correlation estimate of the right order was given by Conlon 4, 5] and by Conlon, Lieb and Yau 6] . Assuming condensation in the bosonic jellium model is also the essential feature of the Bogoliubov approximation (where correlations are not neglected) which was used by Foldy 10] to compute the ground state energy to leading order in the high density limit. It is a very interesting open problem to give a rigorous derivation of this result.
In the present paper we shall be concerned with Coulomb systems. By this we mean that we consider N-body Hamiltonians We shall only be interested in the ground state energy, i.e., the lowest eigenvalue (or in general the bottom of the spectrum) of H(N; V ). The bottom of the spectrum of H(N; V ) restricted to the bosonic subspace is identical to the bottom of the spectrum of the operator acting on the full space H(N). The unrestricted operator is therefore often refered to as the bosonic case. We shall here mainly be interested in the fermionic case.
The fermionic ground state energy is E(N; V ) = inf h i F hH(N; V )i F ; (1:2) where the in mum is over all fermionic states h i F . By a fermionic state we mean a positive linear functional on the bounded operators on H F (N) satisfying the normalization condition that its value on the identity I is hIi F = 1. Although, H(N; V ) is not bounded we only consider potentials V for which H(N; V ) is bounded from below. The expectation hH(N; V )i F of H(N; V ) in a fermionic state is then a meaningful quantity (possibly having the value in nity). As explained above the bosonic ground state energy can be de ned as in (1.2) but with the in mum being over states on the full space H(N). The bosonic energy is thus clearly smaller than the fermionic energy.
Corresponding to states h i F on H F (N) and h i on H(N) we de ne operators F and on the one-body space H. These operators are called one-particle density matrices for the states and are de ned by the following relations which should hold for all bounded operators A on H. It is easy to see that Tr = N and Tr F = N. Moreover, F satis es that as an operator 0 F I.
We shall restrict our attention to two di erent systems (when dividing into bosonic and fermionic models we in fact get four systems). The rst is a molecule in the BornOppenheimer approximation. Such a molecule with N electrons and with K nuclei having prescribed positive charges Z = (Z 1 ; : : :; Z K ) and positions R = (R 1 ; : : :; R K ) is described by a Hamiltonian H(N; Z; R) := H(N; V ) as in (1.1) where
We denote the ground state energy of the molecule by E(N; Z; R) = E(N; V ). We are using the term Born-Oppenheimer here to indicate that we are neglecting the nuclear motion completely. We shall not, as is often done in the Born-Oppenheimer approximation, study the nuclear motion in the potential R 7 ! E(N; Z; R). We are interested in the limit as the total nuclear charge Z = P K k=1 Z k tends to in nity. We shall not discuss the bosonic molecule here, but refer the reader to 3] where the atomic case (K = 1) is treated. (In 3] a somewhat weaker version of inequality (2.8) given below is used. Our proof of (2.8) would slightly simplify the presentation in 3].)
The second system is the neutral jellium model on a cube in R 3 with volume j j. .) The energy of jellium is denoted by E(N; ) = E(N; V ). The existence of the thermodynamic limit of the ground state energy with the self-energy of the background included, i.e., E J ( ) = lim (1:14)
The limits we are interested in (i.e., Z ! 1 for the molecular problem and j j ! 1 for jellium) can be considered as quasiclassical limits for the Hamiltonian H DS . ThomasFermi theory is the leading order quasiclassical approximation to H DS with the exchange term neglected.
In the molecular case the quasiclassical approximation of H DS was studied in 12, 13, 16, 20] . It is known that the energies E(N; Z; R); E HF (N; Z; R); E DS (N; Z; R) and E TF (N; Z; R) agree to the leading order which is O(Z 7=3 ) (for N of order Z) as Z ! 1.
In the atomic case (K = 1) it was realized by Schwinger 18] that the second correction y to the leading order quasiclassical approximation is of the same order as the exchange energy originally computed by Dirac in 7] . The order of the exchange energy is O(Z 5=3 ). It would therefore not be adequate in this case to replace H DS by what is called the ThomasFermi-Dirac functional which is the Thomas-Fermi functional with the exchange integral (the last term in (1.12)) included. The non-rigorous analysis of Schwinger was proved to be mathematically correct in the atomic case in the monumental work of Fe erman and Seco announced in 9]. We shall not here go into this very involved analysis.
Our main result in the molecular case is the following theorem rst proved in 1] and 2]. In (1.16) we can only prove the lower bound. An upper bound presumably requires an analysis similar to the one described in 9]. In 2] it was shown how, assuming the results announced in 9], one can prove an upper bound.
In the case of fermionic jellium the semiclassical analysis becomes exact in the thermodynamic limit and the main result in this case has a more explicit form. The paper is organized as follows. In Sect. II we give a purely algebraic inequality which allows one to estimate correlations. It estimates a two-body operator below in terms of one-body operators. The estimate involves a one-body operator P on H. The error term in the algebraic inequality is (almost) proportional to the operator I ?P. In the applications P will (almost) be the projection which minimizes the Hartree-Fock functional and thus I ? P is the orthogonal projection and the error term can be controlled by the degree of condensation. In Sect. III we show how the algebraic inequality can be applied to the Coulomb potential. In Sect. IV we study the jellium problem and in Sect. V the more complicated molecular problem.
II. THE ALGEBRAIC INEQUALITY
We present here a purely algebraic inequality for operators acting on tensor products of a Hilbert space. Let H be a complex Hilbert space. For an integer N > 0 we shall consider the N-fold tensor product H(N) = Proof: For simplicity we shall denote Q = I ? P. Then 0 Q I. There are two main ingredients in the proof of (2.1). The rst is an operator identity which we write as P 1 i<j N X i X j = A 1 + A 2 + A 3 , where A 1 = X 1 i<j N Q i Q j + Q i P j + P i Q j X i X j Q i Q j + Q i P j + P i Q j ; (2:4) and
where we have used the convention jTj 2 = T T and
Since X 0, the expression A 1 0. Furthermore, the rst terms in the above expressions for both A 2 and A 3 are also positive and can thus be neglected for the lower bound.
The second main ingredient in the proof is the estimate of the only remaining twobody term, namely the last term in the expressions for A 2 and A 3 . In estimating this term the positivity of the operator X is again essential, as it was in concluding that A 1 0. It is also here that the di erence between the full N-body space H(N) and the antisymmetric fermionic subspace H F (N) plays an important role. We proceed as follows The proof of the theorem is now essentially complete, since we have found a lower bound in terms of one-body operators. It only remains to write this lower bound in as simple a form as possible. Since we are now only dealing with one-body operators this last step involves only estimates on operators on the one-body space H. Remark: One may ask whether the exponent 1=2 appearing in (2.8) and (2.9) is optimal. The following example shows that, indeed, it is. The example is for the fermionic case (2.9), but it is easy to give a similar example in the case of (2.8). The idea behind the example is to construct fermionic states depending on a parameter " such that Tr X( F ? Then is also normalized and if P and P 0 are the oneparticle density matrices (projections) for 1 and 2 respectively, one easily sees that the one-particle density matrix corresponding to is F = (1 ? ")P + "P 0 . Hence F ? 2 F = "(1 ? ")P 00 where P 00 is the projection onto spanf 1 ; 2 ; N+1 ; N+2 g. Now let X be the projection onto spanf 1 for 1 p 5=3. From Q Q (I ?P) (I ?P)+(I +P) (I +P) = 2( + P P) 2( +P) we obtain Q Q 2 . On the other hand, k Q Q k 1 = Tr Q Q] ( ; P).
The error estimate in (3.2) follows by applying these last two inequalities to the last two factors in (3.3) .
IV. THE JELLIUM MODEL
We shall here prove Theorem 2. The proof is divided into a proof of an upper bound and a lower bound on the energy E J ( ) . We rst turn to the upper bound, i.e., to the proof that C( ) 0.
Proof of upper bound in (1.17): Since the thermodynamic limit is independent of the shape of the domain as proved in 15] we may for convenience assume that is a ball centered at the origin. For the lower bound we shall return to being a cube.
We shall use that E(N; ) E HF (N; ) and appeal to the Lieb variational principle (the second line in (1.8)). We de ne an operator P on H by the integral kernel P(x; ; y; 0 ) = ; 0(2 ) ?3 Z jpj F dpg(x)e ip(x?y) g(y) ; (4:1) where g is a function we shall choose below to be spherically symmetric, supported in the ball and satisfying 0 g 1. The parameter F is to be chosen such that TrP = N. By Parseval's identity 0 P I and the density corresponding to P is P (x) = (m=6 2 )F 3 g(x) 2 :
= c 1=2 TF (N= R g 2 ) 1=3 . It is easy to compute the integral kernel of P explicitly indeed P(x; ; y; 0 ) = ; 0F 3 g(x)G 0 (jx ? yjF)g(y) ; (4:2) where G 0 (t) = (2 2 ) ?1 t ?3 (sin t ? t cos t).
We shall let denote both the value N=j j and the background density which is equal to the constant N=j j in and is zero outside . From (1.6) we now see that the right side of (1.5) can be estimated as follows From the choice of g R it follows that j j(1 ? R ? ) 3 R g 2 R j j. We then have where we used the value (2 ) ?4 of the last integral. Combining (4.6) with (4.3{5) proves the upper bound.
Proof of lower bound in (1.17): We now assume that is a cube of length L = j j 1=3 and we consider states h i F such that in the thermodynamic limit We shall use Lemma 6 with 0 = and P being the projection with integral kernel P(x; ; y; 0 ) = Recall that = + P + . We rst point out that the same computation which led to (4.6) gives The last inequality which proves the lower bound was found by minimizing over the quantity j j ?1 ( ; P).
V. BORN-OPPENHEIMER MOLECULES
The proof of (1.15,16 ) is a local version of that given in the previous section. We begin by reviewing the classical picture of the quantum ground state as it emerges e.g. as it is seen by carrying out the p-integration and by using (5.1).
This picture is translated into quantum mechanics by means of coherent states f pq (x) = g(x ? q)e ipx with g even and kgk 2 = 1. The corresponding projections are pq = f pq hf pq j i. A semiclassical approximation for the one-particle density matrix of the quantum ground state should then be given by the weak integral P SC = (2 ) ?3 where we dropped the repulsion between electrons. The Lieb-Thirring inequality 17] yields a lower bound for hH(N; Z; R)i F of the same form but with = .
Proof of (1.16): We take 0 = TF ; P = P SC in (3.2) and use the bounds for the L 5=3 norms of the occurring densities, as well as (5.2 by scaling the last integral.
